
Math 215 - Final

Robert Kropholler

December 13, 2017

This exam is due Monday, December 18 by noon. Please attach
this to the front of your work. By signing the bottom of this page
you are acknowledging that you did not give or receive help on this
exam. You can use your textbook, notes and information linked on
the course webpage. You should complete this exam in one 4 hour
sitting.

Throughout all rings will be commutative with identity.

1. Let A be an abelian group. Define a multiplication on Z ˆ A by pm, aq ¨
pn, bq “ pmn,mb` naq

(a) Show that this defines a ring structure on ZˆA.

(b) Find the group of units of this ring structure. Show that this is
isomorphic to Z{2ZˆA.

(c) Find the zero divisors of this ring.

2. Let R “ Zrxs. Let I be the principal ideal generated by x2´3x`2. Show
that R{I is isomorphic to Zˆ Z. Hint: Consider the map φ : R Ñ Zˆ Z
given by φpfq “ pfp1q, fp2qq.

3. Let R1 and R2 be commutative rings.

(a) Show that an ideal I in R1 ˆ R2 is of the form I1 ˆ I2 for ideals
I1 “ ta P R1 | pa, bq P Iu and I2 “ tb P R2 | pa, bq P Iu.

(b) Show that prime ideals are of the form P1ˆR2 or R1ˆP2, where Pi

is an ideal of Ri.

4. (a) Let R be a PID. Show that if P1 Ĺ P2 Ĺ R are prime ideals of R,
then P1 “ p0q.

(b) Give an example of a integral domain and prime ideals P1 Ĺ P2 Ĺ R
such that P1 ‰ p0q.

5. Given a module M over an integral domain R the torsion submodule is
the set tm P M | Dr P R r t0u, rm “ 0u. A module is torsion free is the
torsion submodule is t0u.

Let R be an integral domain. Let M be an R-module and N be a sub-
module.
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(a) Show that if N and M{N are torsion free, then M is torsion free.

(b) Show that if R is a field then all modules are torsion free.

(c) Show that the converse of (a) is true if and only if R is a field.

6. Let R “ Rrx, ys and let I “ px, yq be the ideal generated by x and y.
Prove or disprove the following:

(a) I is a free R-module.

(b) I is a free Rrxs-module.

(c) I is a free R-module.

7. Find the following Z-modules.

(a) ZbZ R
(b) QbZ Z{nZ
(c) QbZ Q{Z.

8. Using the universal property for the tensor product and induction. Show
that the iterated tensor product M1 bR ¨ ¨ ¨ bR Mk has the following uni-
versal property. For any R-module L and any map K : M1ˆ¨ ¨ ¨ˆMk Ñ L
which is linear in each component, there is an R-module homomorphism
φ : M1 bR ¨ ¨ ¨ bR Mk Ñ L such that φpm1 b ¨ ¨ ¨ bmkq “ Kpm1, . . . ,mkq.
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